Spin-Hall effect in a [110] quantum well by Hankiewicz, E. M. et al.
ar
X
iv
:c
on
d-
m
at
/0
60
31
44
v3
  [
co
nd
-m
at.
me
s-h
all
]  
14
 O
ct 
20
06
Spin-Hall effect in a [110] quantum well
E. M. Hankiewicz and G. Vignale
Department of Physics and Astronomy,and University of Missouri, Columbia, Missouri 65211, USA∗
M. E. Flatte´
Department of Physics and Astronomy, University of Iowa, Iowa-City, IA 52242
(Dated: September 28, 2018)
A self-consistent treatment of the spin-Hall effect requires consideration of the spin-orbit coupling
and electron-impurity scattering on equal footing. This is done here for the experimentally relevant
case of a [110] GaAs quantum well [Sih et al., Nature Physics 1, 31 (2005)]. Working within the
framework of the exact linear response formalism we calculate the spin-Hall conductivity includ-
ing the Dresselhaus linear and cubic terms in the band structure, as well as the electron-impurity
scattering and electron-electron interaction to all orders. We show that the spin-Hall conductiv-
ity naturally separates into two contributions, skew-scattering and side-jump, and we propose an
experiment to distinguish between them.
PACS numbers:
Introduction. The current focus of spintronics based
on spin-orbit (SO) interactions is on the spin-Hall effect
[1, 2, 3, 4] (SHE), i.e. the generation of a steady spin
current transverse to a d.c. electric field. The recent
experimental observations of the SHE [5, 6, 7] have en-
hanced the interest of the community in this topic. At
first sight the SHE seems to arise from two quite dif-
ferent mechanisms: one associated with SO interactions
between electrons and impurities [1, 2, 8, 9], and the
other connected with SO interactions in the band struc-
ture of the material [3, 4]. In reality, the two mechanisms
are inseparable. On one hand, the presence of electron-
impurity scattering is essential to ensure that the system
reaches a steady state in the presence of the electric field.
This means that the d.c limit (ω → 0, where ω is the fre-
quency of the electric field) must be taken before letting
the electron-impurity scattering time τ tend to infinity in
the “clean limit”. On the other hand, the unitary trans-
formation that reduces the original multi-band Hamilto-
nian of the solid to an effective Hamiltonian for, say, the
conduction band, not only generates SO coupling terms
(for example the Dresselhaus term) but also modifies the
position operator (see Eq. (3) below). All the above ef-
fects have an impact on the spin Hall conductivity (SHC).
The so-called skew-scattering (SS) contribution[10] arises
from the asymmetry of the electron-impurity scattering
in the presence of SO interactions[11]. The “side-jump”
(SJ)[12, 13, 14] comes from the change in the form of
the position and velocity operators. Finally, the “intrin-
sic” [3, 4] contribution arises from the SO coupling terms
in the effective Hamiltonian. Notice that the side-jump
and the intrinsic contributions have a common origin in
the unitary transformation that reduces the multi-band
Hamiltonian to an effective one-band Hamiltonian.
Although all types of contributions are present in ex-
periments [5, 6, 7], theoretical approaches usually focus
on one or the other. Some papers focus on the band
structure effects neglecting the effect of spin-orbit cou-
pling on electron-impurity scattering [15, 16]; others on
the SS and SJ effects, ignoring spin-orbit interactions in
the band structure [9, 17, 18]. A complete theory should
of course describe all contributions on equal footing [19].
Furthermore, it would be desirable to have a way to dis-
tinguish experimentally the various contributions.
In this paper we present a complete theory of the SHE
for an experimentally well-studied system – a GaAs [110]
quantum well (QW)[7] – in which the electron-impurity
and the electron-electron interaction can be studied si-
multaneously and consistently with the spin-orbit terms
in the band structure, namely the linear and cubic Dres-
selhaus terms. Let us emphasize that in this system the
spin-current and the SHC are well defined because the
z-component of the spin is conserved. We show that the
Dresselhaus terms do not contribute while the conser-
vation of Sz component implies that the SHC includes
only “pure” skew scattering and side jump contributions.
Furthermore, we are able to prove (using exact linear re-
sponse theory) that the side-jump contribution is inde-
pendent of the strength of disorder and Coulomb interac-
tions – a fact that had been shown on the basis of pertur-
bative calculations to first order in disorder [14, 20, 21],
but never before shown to be true at all orders in the
strength of the interactions and disorder potential. By
contrast, in a [001] QW we find that the non-conservation
of Sz causes corrections to the side-jump effect, as well
as the appearance of intrinsic contributions to the SHC
from the nonlinear Dresselhaus term.
Thus, the spin Hall effect in a [110] GaAs QW of-
fers a hitherto unexplored opportunity to measure “pure”
skew-scattering and side-jump contributions. And since
the skew-scattering spin-Hall conductivity increases with
increasing mobility while the side-jump conductivity is
not affected, we can propose a new experiment, where
the change in the sign of SHC with temperature reveals
2the dominance of one or the other mechanisms.
Model and results. Our effective hamiltonian for the
conduction band of a [110] QW includes Dresselhaus
spin-orbit couplings, as well as SO corrections to the
electron-impurity and the electron-electron (e-e) inter-
actions:
Hˆ =
N∑
i=1
[
pˆ2i
2m∗
+ V (~ˆri)
]
+
1
2
Ve−e
+
α1
~
N∑
i=1
(
pˆix∇iy VˆTi − pˆiy∇ixVˆTi
)
Sˆiz
+
N∑
i=1
[
α2
~
eE0pˆiySˆiz +
α′2
~
eE0(−pˆiy pˆ
2
ix + pˆ
3
iy/2)Sˆiz
]
.
(1)
Here ~ˆpi, ~ˆri are the canonical momentum and position
operators of the i-th electron, Ve−e =
∑
j 6=i
e2
ǫb|~ˆri−~ˆrj |
,
VˆTi ≡ V (~ˆri) + Ve−e is the total potential acting on the
i-th electron due to random impurities (V (~r)) and e-e
interactions in the (110) plane, Sˆiz is the Pauli matrix
operator, x, y, and z are cartesian component indices
with z along the [110] axis, m∗ is the conduction band
mass, e is the absolute value of the electron charge, E0
is a “built-in” electric field originating from the crystal
symmetry, and the quantities α1, α2, α
′
2 are the strengths
of SO coupling in the semiconductor, whose values can
be calculated from the matrix elements of the momentum
operator between different bands within the 14×14 band
model [22]. Notice that Sˆiz is a constant of the motion.
Although α1, α2 and α
′
2 are connected, we assign them
different labels in order to (artificially) turn off one or
the other effect in our calculations. These calculations
are done to first order in the α’s, which is correct if en-
ergies associated with the α’s are much smaller than the
Fermi energy. Notice that the SO coupling energy is not
required to be much smaller than ~/τ .
We perturb the system with a uniform electric field of
frequency ω in the x direction, which is described by a
vector potential ec
~A(t) = eiωE~exe
−iωt + c.c. . The per-
turbed Hamiltonian, to first order in E, is obtained from
the canonical replacement ~ˆp→ ~ˆp+ ec
~A(t), which gives
Hˆ(t) = Hˆ +
e
c
N∑
i=1
(
pˆix
m∗
+ 2
α′2
~
eE0pˆiy pˆixSˆiz+
α1
~
∇iyVTiSˆiz
)
Ax(t) . (2)
We want to calculate the magnitude of the transverse z-
spin current defined as Jˆzy ≡
~
2
∑N
i=1
vˆiySˆiz+Sˆiz vˆiy
2
, where
vˆiy is the y-component of the velocity operator. To find
the correct expression for ~ˆvi we note that, as a result
of the transformation from the the original multi-band
Hamiltonian to the effective Hamiltonian Eq. (2), the
physical position operator no longer coincides with the
canonical position operator ~ˆri, but is given by [26]
~ˆrphys,i = ~ˆri −
α1
~
(
~ˆpi +
e
c
~A
)
× ~ˆSi . (3)
The velocity is the time derivative of ~ˆrphys and making
use of − 1c
~˙A = ~E we find (to first order in the α’s and
dropping a “diamagnetic” term with zero average)
vˆiy =
1
m∗
pˆiy −
α1
~
∇ixVTiSˆiz
+
(
α2
~
eE0 +
α′2
~
eE0(−pˆ
2
ix +
3pˆ2iy
2
)
)
Sˆiz
−
α1
~
∇ixVTiSˆiz −
α1e
~
ExSˆiz (4)
It is essential for what follows that a steady state be
established in response to the d.c. electric field. In the
steady state regime the average force exerted on electrons
of either spin by impurities and other electrons 〈−~∇VT 〉
must be exactly balanced by the average force exerted by
the electric field, −e ~E. So for the average spin current,
the last two terms of Eq. (4) cancel out and we get:
Jzy =
~
2
[α1ne
~
Ex +
α2ne
~
E0+
N∑
i=1
(
pˆiy
m
Sˆiz +
α′2
~
eE0(−pˆ
2
ix +
3
2
pˆ2iy)
)]
(5)
where n is the electron density. The first term on the
r.h.s. of Eq. (5) produces one half of the side-jump con-
tribution to the SHC, while the second one is the intrinsic
term generated by the internal field E0. The SJ and in-
trinsic terms have the same form. However, the term
α2neE0/~ does not depend on the external electric field
and because 〈Jzy 〉 = 0 in the ground-state, it is cancelled
by the ground-state average of the other terms.
Now we use the linear response theory to calculate the
average spin current 〈Jzy 〉 to first order in E. So we write
Jzy (t) = σ
SH
yx (ω)Ee
−iωt + c.c. , where the spin-Hall con-
ductivity, σSHyx (ω) to the first order in the strength of SO
coupling is given by the Kubo formula:
σSHyx (ω) =
1
2
α1ne+
e~
2iωA
[
α1
~
〈〈
N∑
i=1
pˆiySˆiz
m∗
;
N∑
i=1
∇iyVˆTiSˆiz〉〉
+ 〈〈
N∑
i=1
pˆiySˆiz
m∗
;
Pˆx
m∗
+ 2
α′2
~
eE0
N∑
i=1
pˆiy pˆixSˆiz〉〉
+
α′2
~
〈〈eE0
N∑
i=1
(−pˆ2ix +
3
2
pˆ2iy);
Pˆx
m∗
〉〉
]
(6)
where ~ˆP is the total momentum operator of the sys-
tem, A is the area of the 2DEG, and 〈〈Aˆ; Bˆ〉〉ω ≡
3− i
~
∫∞
0
〈[Aˆ(t), Bˆ(0)]〉e−iωtdt, where 〈...〉 is a short-hand
for the Kubo linear response function.
We now show that the second term on the r.h.s. of
Eq. (6) can be calculated exactly and, combined with
the first term, gives the full side-jump contribution to
the SHC. We first note that according to the Heisenberg
equation of motion for the momentum operator, to zero
order in α1 we can write ∇iy VˆTi = −
d
dt pˆiy. Furthermore
Sˆiz is a strict constant of the motion, so we also have
∇iy VˆTiSˆiz = −
d
dt
(
pˆiySˆiz
)
. Making use of this identity
the term in question can be rewritten as:
−
eα1
2iωA
〈〈
N∑
i=1
pˆiySˆiz
m∗
;
N∑
i=1
d
dt
(
pˆiySˆiz
)
〉〉 = −
α1e
2m∗
〈〈Pˆy; Pˆy〉〉 ,
(7)
where in the last step we have used the well-known prop-
erty of linear response functions,
〈〈Aˆ; Bˆ〉〉ω = −
〈〈dAˆ/dt; Bˆ〉〉ω
iω
+
〈[Aˆ, Bˆ]〉
ω
, (8)
and the fact that Sˆ2iz = 1.
The value of the 〈〈Pˆy; Pˆy〉〉 response function in the
ω → 0 limit is easily obtained from the condition that
the ordinary d.c. conductivity
σyy(ω) =
−1
iAω
[
〈〈−e
Pˆy
m∗
;−e
Pˆy
m∗
〉〉ω +
Ne2
m∗
]
(9)
is finite for ω → 0.[27] This implies that the quantity
in the square brackets of Eq. (9) vanishes in the limit
ω → 0, i.e.[28][29]:
lim
ω→0
〈〈Pˆy ; Pˆy〉〉 = −Nm
∗ . (10)
Furthermore, it is easy to see that the the terms propor-
tional to α′2 in the last two lines of Eq. (6) vanish for
α1 = 0 (this is a consequence of the fact that for α1 = 0
these terms are odd functions of pix while the Hamilto-
nian is an even function of pix): hence they are at least
of order α′2α1 and can be safely neglected. Then Eq. (6),
in the d.c. limit, simplifies to:
σSHyx = α1ne+ lim
ω→0
e~
2iωA
〈〈
N∑
i=1
pˆiySˆiz
m∗
;
Pˆx
m∗
〉〉 (11)
The first and the second term on the r.h.s. of this equa-
tion are naturally identified as the as the side-jump and
the skew-scattering contributions to the SHC. Indeed the
second term on the r.h.s. of Eq. (11) is simply the re-
sponse of the y-component of the canonical spin current
to an electric field that couples to the x-component of
the canonical particle current. This response includes
neither the anomalous velocity nor the anomalous cou-
pling to the electric field, and furthermore it vanishes for
α1 = 0 (again, because of odd parity with respect to pix),
hence it cannot be sustained by the band structure alone.
Thus, we conclude that the total SHC for a [110] QW[7]
is the sum of a universal side-jump contribution and a
skew-scattering contribution due to the impurities:
σSHyx = σ
sj
yx + σ
ss
yx , (12)
where
σssyx = lim
ω→0
e~
2iωA
〈〈
N∑
i=1
pˆiySˆiz
m∗
;
Pˆx
m∗
〉〉 (13)
and σsjyx = α1ne.
Notice that we have not assumed that either disorder
or the Coulomb interaction is weak: thus we have proved
that the side jump SHC in a [110] QW is independent of
disorder and the Coulomb potential to all orders in the
strength of these interactions. The proof, however, de-
pends on the conservation of Sˆz, which is a special feature
of the [110] QW. When Sˆz is not conserved, then Eq. (7)
is no longer true. The spin precessional frequency, Ωp,
while proportional to α, will not be small in comparison
to 1/τ in the clean limit. As a result, terms that could
be safely disregarded when Ωp was zero (conserved spin),
become very large when Ωpτ ≫ 1 and may even diverge
when 1/τ tends to zero before Ωp. This is the basic mech-
anism through which the side-jump contribution can be
modified by spin precession and intrinsic contributions
to the SHC can also appear. Indeed, in the case of a
[001] GaAs QW we find that the left hand side of Eq. (7)
vanishes in the clean limit, thus reducing the side-jump
contribution to 1
2
α1ne.
Let us now return to the [110] QW. The skew-
scattering contribution (Eq. 13) is not easily obtained
from perturbation theory, but we have recently shown,
via the Boltzmann equation, that it is given by
σssyx = −µ
~nτ/τss
1 + γτ
, (14)
where µ is the mobility, τss is the SS relaxation time
inversely proportional to α1, and γ is the spin-drag
coefficient.[9, 23, 24]. It is seen that e-e interactions are
quite relevant here and reduce the SS term in Eq. (14)
by the factor 1 + γτ . Moreover, the two contributions in
Eq. (12) have opposite signs for an attractive impurity
potential and the SS conductivity increases with the mo-
bility while the SJ is independent of it. Similarly, the spin
accumulation consists of two terms with opposite signs
and has the form [9]: Vac(W/2) = −2LsjxρD(τ/τss −
2eα1/~µ) tanh(W/2Ls), where ρD is the Drude resistiv-
ity, Ls is the spin diffusion length, W is the width of
sample and jx is the current density [30]. We then pro-
pose a new experiment where the SJ/SS contributions
can be distinguished through the temperature depen-
dence of σSHyx or the spin accumulation potential Vac.
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FIG. 1: (color online) Mobility, µ, as a function of temper-
ature, T , for three different low-T µ’s. In inset, the spin
accumulation (Vac) vs. T . The side jump contribution to Vac
dominates for low T . For increasing T , the lower temperature
red cross corresponds to the T where the sign of Vac starts to
be controlled by skew scattering, the higher temperature red
cross to the place where side jump dominates again.
Fig.1 presents the behavior of µ versus T for experimen-
tally attainable samples. Notice that the values of pa-
rameters for the theoretical curve designated by circles
are exactly the same as the values reported for the sam-
ples in the recent experiments [7] on a [110] QW. The
samples with lower mobilities can be easily obtained by
additional doping with Si inside the quantum well [25].
Hence µ will grow as T 3/2 for low T as a result of scat-
tering from ionized impurities and will decrease as T−3/2
for larger T due to phonon scattering. It is thus possible
to observe two changes of sign of Vac moving from low
to high T s: µ = 1/(AT−3/2 +BT 3/2), where A is found
from the low-T mobility and B is fixed by a room tem-
perature mobility of 0.3 m2/Vs for AlGaAs. At low T the
mobility is low and the SJ contribution to Vac dominates.
The first cross in the graph designates the point where
the SS begins to dominate, and the second cross, at still
higher T , is the point where the SJ retakes control of the
sign of Vac. Even if the sign change is not detected, it
is possible to tell whether SS or SJ dominates by mea-
suring whether Vac increases or decreases as µ increases
with changing T .
Summary. We have studied the spin-Hall effect for a
[110] QW taking into account the Dresselhaus SO cou-
pling terms and the spin-orbit interaction between elec-
trons and impurities in the presence of electron-electron
interactions. We have shown that in the recent experi-
ment of Ref. [7] the spin-Hall effect presents a clean com-
petition between side jump and skew scattering contribu-
tions (no intrinsic terms). Furthermore we have proposed
a new experiment where the change in the sign of spin-
Hall accumulation with temperature reveals the domi-
nance of one or the other effect. Finally, we have proved
that the side-jump part of the spin-Hall conductivity is
independent of disorder and the Coulomb interaction at
all orders, provided the spin current is associated with a
conserved component of the spin.
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